SINGULARITY LINKS WITH EXOTIC STEIN FILLINGS 
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Abstract. In [4], it was shown that certain contact Seifert fibered 3-manifolds, each with 
a unique singular fiber, have infinitely many exotic simply-connected Stein fillings. Here 
we generalize this result to some contact Seifert fibered 3-manifolds with many singular 
fibers and observe that these 3-manifolds are links of some isolated complex surface sin- 
gularities. In addition, we prove that the contact structures involved in the construction are 
the canonical contact structures on these singularity links. As a consequence we provide 
examples of isolated complex surface singularities whose links with their canonical contact 
structures have infinitely many exotic simply-connected Stein fillings — verifying a predic- 
tion of Andras Nemethi ||25l . Moreover, we also construct an infinite family of exotic Stein 
fillings whose fundamental group is Z © Z„, for some of these singularity links. 



1. Introduction 

The link of a normal complex surface singularity carries a canonical contact structure 
£c<m which is also known as the Milnor tillable contact structure (cf. G51 ). This contact 
structure is uniquely determined up to isomorphism [|9]. A Milnor tillable contact structure 
is Stein tillable since a regular neighborhood of the exceptional divisor in a resolution of 
the surface singularity provides a holomorphic filling which can be deformed to be Stein 
without changing the contact structure £ can on the boundary |0. Moreover, if a singularity 
admits a smoothing then the corresponding Milnor fiber is also a Stein filling of £ can . 

In this paper we generalize the main result in [@) to a larger family of contact Seifert 
fibered 3-manifolds admitting many singular fibers. We also observe an additional feature 
of these contact 3-manifolds: They are links of some isolated complex surface singulari- 
ties, and the contact structures are canonical on these singularity links. As a consequence 
we verify a prediction of Nemethi Il25l providing examples of isolated complex surface 
singularities whose links with their canonical contact structures have infinitely many exotic 
(i.e., homeomorphic but pairwise non-diffeomorphic) simply-connected Stein fillings. For 
some of these singularity links, and for each positive integer n, we also construct an infi- 
nite family of exotic Stein fillings whose fundamental group is Z © Z n , none of which is 
homeomorphic to any Milnor fiber of the singularity. 

One should contrast our result with what is known for links of some other isolated com- 
plex surface singularities. For example, Ohta and Ono showed that the diffeomorphism 
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type of any minimal strong symplectic filling of the link of a simple singularity is unique 
which implies that the minimal resolution of the singularity is diffeomorphic to the Mil- 
nor fiber [29]. They also showed that any minimal strong symplectic filling of the link of a 
simple elliptic singularity is diffeomorphic either to the minimal resolution or to the Milnor 
fiber of the smoothing of the singularity [|28l . 

Moreover, Lisca showed that the canonical contact structure on a lens space (the oriented 
link of some cyclic quotient singularity) has only finitely many distinct Stein fillings, up to 
diffeomorphism [22] (see also earlier work of McDuff [1241 ). Recently, it was shown that 
these Stein fillings correspond bijectively to the Milnor fibres coming from all possible 
distinct smoothings of the singularity 11261 . 

In summary, in all the previously studied examples in the literature, it was shown that 
an isolated complex surface singularity with its canonical contact structure admits finitely 
many diffeomorphism types of Stein fillings such that each Stein filling is diffeomorphic 
either to the minimal resolution or to the Milnor fiber of one of the smoothings of the 
singularity. 

We should point out that Ohta and Ono 11301 produced infinitely many different topolog- 
ical types of minimal symplectic fillings for a certain class of singularity links, but these 
fillings are not necessarily Stein, not necessarily simply-connected and certainly not exotic. 

On the other hand, using multiple log transforms, Akbulut [HI has also given infinitely 
many simply connected small Stein surfaces which are exotic copies of each other rel 
boundary, and more recently Akbulut and Yasui [3] have found infinitely many simply- 
connected smaller Stein surfaces (second Betti number 2) which are exotic copies of each 
other. In all of these examples infinitely many of them are Stein fillings of the same con- 
tact 3-manifold, although the contact 3-manifold in question is not the link of a surface 
singularity. 

In Section [6] of the article we turn to a conjecture of Gay and Stipsicz [TT4l and prove 
it for certain cases which they have not already covered in their paper. The conjecture is 
about identifying the isomorphism class of the Milnor tillable contact structure on certain 
singularity links. 

2. Milnor fillable contact structures on Seifert fibered 3-manifolds 

In this section we identify the isomorphism class of the canonical contact structure on 
a singularity link which admits a Seifert fibration. A topological characterization of such 
3-manifolds was given by Neumann [27]: A closed and oriented Seifert fibered 3-manifold 
is a singularity link if and only if it has a Seifert fibration over an orientable base such that 
the Euler number of this fibration is negative. 

On the other hand, a closed and oriented Seifert fibered 3-manifold carries an S 1 invari- 
ant transverse contact structure if and only if the Euler number of the Seifert fibration is 
negative ||2~3~1 . Moreover such a contact structure is unique up to isomorphism. 
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Proposition 1. The isomorphism class of the Milnor fillable contact structure on a closed 
and oriented 3-manifold which has a Seifert fibration with negative Euler number over an 
orientable base coincides with the isomorphism class of the S 1 invariant transverse contact 
structure. 

Proof Let Y be a closed and oriented 3-manifold which has a Seifert fibration with neg- 
ative Euler number over an orientable base. The contact structure which is both invariant 
and transverse to the orbits of a locally free S 1 action on Y is of Sasaki type. It is known 
that Sasakian contact structures are Milnor fillable [8 | and Milnor fillable contact structures 
are unique up to isomorphism [0. 

□ 

3. Extending diffeomorphisms 

Let p = (pi , p 2) • • • , Pr) denote a r-tuple of positive integers. Let Z^p denote the oriented 
smooth 4-manifold obtained by plumbing an oriented disk bundle over a closed genus h > 
surface whose Euler number is zero with r oriented disk bundles over S 2 whose Euler 
numbers are —pi, —P2, • • • , — Pr, respectively. 

Proposition 2. Any orientation preserving diffeomorphism ofdZh,p extends over Zh,p. 

Proof. The proof of lemma is similar to that of Lemma 3.1 in [4], and we refer the reader 
to @] for details. First, we extend the given diffeomorphism of the boundary to the disk 
bundle over a closed genus h > surface with Euler number zero. After this extension, the 
resulting 4-manifold has r boundary components. Next, we need to extend the resulting 
diffeomorphism over the D 2 -bundles over S 2 with Euler numbers —p\ , — P2 , • • • , —p r ■ The 
boundary of these disk bundles are lens spaces L{p^ 1). The existence of such extension 
is guaranteed by the work of F. Bonahon fl6]|. We refer the reader to the proof of Lemma 
3.1 in flU, where the case when with one boundary component worked out in details. The 
general case follows by induction on the number of boundary components. 

□ 

4. Singularity links with simply-connected exotic Stein fillings 

The boundary dZ h p - has an orientation induced from Z^p. Let Y^p denote dZh,p with 
the opposite orientation. In other words, Y h p - is the closed and oriented 3-manifold which 
is obtained by plumbing an oriented circle bundle over a closed genus h > surface whose 
Euler number is zero with r > 1 oriented circle bundles over S 2 whose Euler numbers are 
p 1 ,p 2 , . . . ,p r , respectively. 

Lemma 3. The 3-manifold Y h p - is the link of an isolated complex surface singularity. 
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Proof. Since Y^p is obtained by a plumbing of circle bundles we can represent it with so 
called plumbing graph with r + 1 vertices with a central vertex whose weight is zero and 
r others with weights p x ,p 2 , . . . ,p r each of which is connected by an edge to this central 
vertex. This is shown on the left in Figured] Here the weight on a vertex denotes the Euler 
number of the corresponding oriented circle bundle as usual. 



— r 




i-2 . ■ 

Figure 1. All except the central vertex represent circle bundles over S 2 . 
The plumbing graph on the left representing Y^p can be modified by blow- 
ing up and down. 

By blowing up and down several times we can modify this plumbing graph so that we 
get the following graph: A central vertex of weight — r and r legs emanating from this 
central vertex so that the i-th leg is a chain of Pi — 1 vertices with weights —2 as illustrated 
in Figure \T\ Since the intersection matrix of this last graph is negative, we conclude that 
Yhjj is orientation-preserving diffeomorphic to the link of a normal (hence isolated) surface 
singularity by Grauert's theorem. 

□ 

Let OBh t p denote the open book on Yh$ whose page is a genus h > surface with r > 1 
boundary components and monodromy is given as 

4-P1+P2 r'Pr 

L \ t 2 • • • L r 

where U is a right-handed Dehn twist along a curve parallel to the 2-th boundary component 
and let ^h,p be the contact structure which is supported by OBh,p- 

Lemma 4. The contact structure ^h,p is the canonical contact structure on Y^p. 

Proof. First we observe that Y h ^ admits a Seifert fibration over a closed oriented surface 
of genus h with r singular fiber of multiplicities p 1} p 2 , . . . ,p r . Note that an explicit open 
book transverse to the fibers of such a Seifert fibration was constructed in ||3D . which is 
indeed isomorphic to the open book OB h ^ on Y h ^. Moreover it was also shown that the 
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contact structure supported by this open book is transverse to the Seifert fibration as well. 
Furthermore it is easy to see that this contact structure is invariant under the natural S 1 
action induced by the fibration. This is because the pages of the open book is ^-invariant 
by construction and contact planes can be perturbed to be arbitrarily close to tangents of 
the pages by allowing an isotopy of the contact structure lHOll . Therefore £/, -p has to be the 
unique Milnor fillable contact structure on Y h $ by Proposition [Q 

□ 

The following was proved in [0: 

Proposition 5. Supppose that the closed 4-manifold X admits a genus h Lefschetz fibra- 
tion over S 2 with homologically nontrivial vanishing cycles. Let S%, S2, ■ ■ ■ , S r be r dis- 
joint sections of this fibration with squares —pi, —P2, ■ ■ ■ , ~Pr, respectively. Let V denote 
the 4-manifold with boundary obtained from X by removing a regular neighborhood of 
these r sections union a nonsingular fiber. Then V admits a PALF (positive allowable 
Lefschetz fibration over D 2 ) and hence a Stein structure such that the induced contact 
structure £h,p on dV = Y^p is compatible with the open book OBh,p induced by this PALF, 
where p = (pi,P2, ■ ■ ■ ,p r )- I n other words, V is a Stein filling of the contact 3-manifold 

(Yh^p , ^h,p)- 

Now we are ready to state and prove the main result of this section: 

Theorem 6. There exist infinitely many Seifert fibered singularity links each of which ad- 
mits infinitely many homeomorphic but pairwise non-diffeomorphic simply -connected Stein 
fillings of its canonical contact structure. 

Proof. Let E 5 be a closed orientable surface of genus g > 1. Let 72, ... , 72 9 +i denote 
the collection of simple curves on S 5 depicted in Figure |2l and q denote the right handed 
Dehn twists along the curve 7$. It is known that the following relation holds in the mapping 
class group M g : 

g(g) = (cic 2 • • • C2g-iC2gcl g+1 c 2 gC2g-i ■ ■ ■ c 2 ci) 2 = I. 

Moreover, the total space of the hyperelliptic genus g Lefschetz fibration over S 2 corre- 
sponding to the monodromy relation given above is diffeomorphic to CP 2 #(4 g + 5) CP 2 
( |[T6l Exercises 7.3.8(b) and 8.4.2(a)]), which we denote by X(g, 1) in this paper. 

It is well-known that the Lefschetz fibration on the elliptic surface E(l) = X(l, 1) 
admits nine disjoint (— l)-sphere sections. Furthermore, for g > 2, the above fibration 
on X(g, 1) admits (at least) 4g + 4 disjoint (— l)-sphere sections as shown explicitly in 
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72 ff +l 



Figure 2. Vanishing cycles of the hyperelliptic genus g Lefschetz fibration 
X(g, 1) = CP 2 #(4# + 5)CP 2 ~ _>. ^2 corresponding to g(g) = 1. 



[|34l Corollary 4.6] by constructing a boundary-interior relation among right-handed Dehn 
twists in the mapping class group of a compact oriented genus g > 2 surface with boundary. 

On the other hand, the 4-manifold X(g,l) is diffeomorphic to the desingularization of 
the double branched cover of S 2 x S 2 with branch locus given as two copies of S 2 x pt and 
2g + 2 copies of pt x S 2 . So X(g, 1) admits a "vertical" genus g fibration with two singular 
fibers which can be locally deformed to be a Lefschetz fibration whose total monodromy 
is given as g(g). The existence of Ag + 4 disjoint (—1) -sphere sections of the Lefschetz 
fibration X(g, 1) — > S 2 can also be seen as follows: Suppose that the homology class 
of the genus g fiber is given by ah — b\e\ — & 2 e2 — • • • — 64^+5643+5, for some integers 
a, bi, 62, ... , 64^+5, where denotes the homology class of the exceptional sphere of the i- 
th blow up and h denotes the pullback of the hyperplane class of CP 2 . Then by [fTTl Lemma 
3.3], we have that a = g + 2, b% = g, and b 2 = ■ ■ ■ = 6 49+5 = 1, up to the permutation 
of the indices 6j. This proves that the exceptional spheres represented by the homology 
classes e 2 , e 3 , . . . , e 4s + 5 are sections of the Lefschetz fibration X(g, 1) — > S 2 . Moreover, 
by sewing together these (— l)-sphere sections of X(g, 1) — > S 2 we obtain 4g + 4 disjoint 
(— n)-sphere sections of the hyperelliptic Lefschetz fibration on X(g, n) — the n-fold fiber 
sum of X(g, 1). 

In order to prove our result, we just focus on the aforementioned hyperelliptic Lefschetz 
fibration on X(g, 2) for g > 2. First we observe that the fiber of the horizontal fibra- 
tion above is a square zero sphere in X(g, 1) given by the homology class h — e\, which 
intersects every fiber of the Lefschetz fibration X(g, 1) — > S 2 twice. 

Hence when we fiber sum two copies of the Lefschetz fibration X(g, 1) — >■ S 2 to obtain 
X(g, 2), we can glue together one such sphere embedded in each summand to construct an 
embedded essential torus T of square zero in X(g, 2). The embedded torus T has two key 
properties by construction: It intersects every fiber of the Lefschetz fibration X(g, 2) — > S 2 
at two points and it has no intersection with the Ag + 4 disjoint (— 2)-sphere sections in 
X(g, 2) that we mentioned above. 
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Figure 3. Schematic picture of some homology classes in H 2 (X(g, 1); Z), 
where the homology class of a fiber of the Lefschetz fibration on X(g, 1) is 
given by / = (g + 2)h - ge x - e 2 e 4g+5 . 

Let X(g, 2)x denote the 4-manifold obtained from X(g, 2) by performing a Fintushel- 
Stern knot surgery on the torus T C X(g, 2) using a knot K C S 3 (cf. [42]). More 
precisely, 2) K = (X(#, 2) \ (T x L> 2 )) U (S 1 x (S 3 \ N(K)), where we identify the 
boundary of a disk normal to T 2 with a longitude of a tubular neighborhood N(K) of K in 
S 3 . 

Next we observe that, for any genus k fibered knot K, the surgered 4-manifold X(g, 2) K 
also admits a genus (g + 2A;)-Lefschetz fibration with 4^ + 4 disjoint (— 2)-sphere sections. 
This is essentially because the torus T C X(g,2) on which we perform knot surgery 
intersects every fiber of the Lefschetz fibration X(g,2) — > S 2 twice and a fiber of the 
Lefschetz fibration X(g, 2)k — > S 2 is obtained by gluing one copy of the Seifert surface 
of the fibered knot K to each puncture of the twice punctured fiber of X(g, 2) — > S 2 (cf. 

ma). 

Recall that e 2 , e 3 , . . . , e 4g+5 denote the homology classes of the disjoint (— l)-sphere 
sections of the Lefschetz fibration X(g, 1) — > S 2 . When we fiber sum two copies of the 
Lefschetz fibration X(g, 1) — > S 2 , we can glue corresponding (— l)-sphere sections in 
the two summands to obtain 4g + 4 disjoint (— 2)-sphere sections S2, S3, . . . , 643+5 of the 
Lefschetz fibration X(g, 2) — > S 2 . Note that these (— 2)-sphere sections will remain as 
sections of the Lefschetz fibration X(g, 2)k — > S 2 since they are disjoint from the surgery 
torus T. Let V (g, r) K denote the complement of the regular neighborhood of r sections 
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S 2 ,S 3 , . . . , S r+ i union a nonsingular genus g + 2k fiber in X(g, 2) K , for 1 < r < 4g + 3. 
We would like to emphasize that we do not remove the section S^+s. 

Let r denote the r-tuple (2, 2, . . . , 2) for the rest of the proof. By Proposition |5] V (g, r)x 
is a Stein filling of {Y g+2kyT , £ g +2k,r)- Moreover, Lemma 0] implies that the contact struc- 
ture £, g +2k,r is the canonical contact structure on the singularity link Y g+2k ^. 

Next we show that the Stein filling V(g, t)k is simply-connected. Observe that, by the 
Seifert-Van Kampen's theorem, the fundamental group of V(g, t)k is generated by the ho- 
motopy classes of loops based at some point q that are conjugate to loops fj, 2 , fj, 3 , . . . , [i r +i 
and i] normal to S 2 , S 3 , . . . , SV+i> an d to the regular fiber we remove, respectively. Since all 
the loops fi 2 , /^3, . . . , /i r+ i, and rj can be deformed to a point using the spheres represented 
by the homology classes e4 5+5 — e 2 , e 49+5 — e 3 , . . . , e 49+ 5 — e r+ \ and the section S^+s, 
respectively, the fundamental group V(g, r)x is trivial as illustrated in Figure @] 




Figure 4. Schematic picture of the representatives of some homotopy and 
homology classes in X(g, 2). 

For k > 2, let F k = {K k:i : % e N} denote an infinite family of genus k fibered 
knots in S" 3 with pairwise distinct Alexander polynomials, which exists by [fT8l . Then the 
infinite family {X(g, 2)x k 4 : Kk,% € J-^} consists of smooth 4-manifolds homeomorphic to 
X(g, 2) which are pairwise non-diffeomorphic by [fT2|. Now we claim that for fixed g > 2, 
k > 2, and 1 < r < Ag + 3, the infinite set 

<S g ,k,r = {V(g,r) Kk i : K kA e Jfc} 
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includes infinitely many homeomorphic but pairwise non-diffeomorphic simply-connected 
Stein fillings of the Seifert fibered singularity link (Y g+2 k,r , i g +2k,-) ■ 

In order to prove that these Stein fillings are pairwise non-diffeomorphic we just appeal 
to Proposition [2l by observing that what we delete from X(g, 2) Kk . to obtain V(g, r) Kk . is 
indeed diffeomorphic to Z g+2 k,r- 

Next we prove that infinitely many of the Stein fillings in S g ^, r are homeomorphic. We 
first observe that all of these Stein fillings have the same Euler characteristic (by elemen- 
tary facts) and signature (by Novikov additivity). It follows that the rank of the second 
homology group of the fillings is fixed as well because our fillings are simply-connected. 
Moreover, since the boundary of any Stein filling in S g ^, r is diffeomorphic to Y g+2kT and 
H\ (Y g+2 k,r ; Z) is infinite, we conclude that the determinant of the intersection form of any 
filling in S g ^, r is zero. It follows that intersection forms of all the Stein fillings in S g ^, r 
are isomorphic (see Corollary 5.3.12 and Exercise 5.3.13(f) in QUI). Furthermore, a fixed 
symmetric bilinear form is realized as an intersection form by only finitely many homeo- 
morphism types of simply-connected compact oriented 4-manifolds with a given boundary, 
which is a result due to S. Boyer [7 1 Corollary 0.4]. Therefore the infinitely many Stein fill- 
ings in S g ,k,r belong to finitely many homeomorphism types — which certainly finishes the 
proof of our theorem. 

Remark 7. As a matter of fact, with a little bit more effort, one can prove that all the Stein 
fillings in S 9i k, r are homeomorphic. 

□ 

5. Exotic Stein fillings with non-trivial fundamental groups 

Our aim in this section is to explore the existence of non-simply connected exotic Stein 
fillings of some singularity links. Let n be a positive integer. In this paper, we only study 
the case when the fundamental group of the Stein fillings is Z © Z n . 

Theorem 8. There exist infinitely many Seifert fibered singularity links each of which ad- 
mits infinitely many homeomorphic but pairwise non-diffeomorphic Stein fillings (of its 
canonical contact structure) with fundamental group Z © Z n . 

Proof. As an essential ingredient in our argument we use the family of non-holomorphic 
genus g Lefschetz fibrations with fundamental group Z © Z n constructed in 11321 for g — 2 
and generalized to the case g > 3 in Ifl9)l . For the purposes of this article we focus on 
the case where g is odd and provide the necessary background for the convenience of the 
reader. 

Let S m denote a closed oriented genus m surface. Recall that the four manifold W(m) = 
S m x 8 2 #8CP 2 is the total space of a genus g = 2m + 1 Lefschetz fibration over § 2 , 
which was proved in [HU Remark 5.2] generalizing a classical result for g = 2 due to 
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S m X pt 



pt x S 2 



Figure 5 . The branch set in S m x § 2 



Y. Matsumoto. The branched-cover description of this Lefschetz fibration can be given 
as follows: Take a double branched cover of S m x § 2 along the union of four disjoint 
copies of pt x S 2 and two disjoint copies of S m x pt as shown in Figure |5] The resulting 
branched cover has eight singular points, corresponding to the number of the intersection 
points of the horizontal spheres and the vertical genus m surfaces in the branch set. By 
desingularizing this singular manifold one obtains W(m) = Y> m x S 2 #8CP 2 (see lfT3~10 . 

Observe that a generic fiber of the vertical fibration is the double cover of E m , branched 
over four points. Thus, a generic fiber is a genus g = 2m + 1 surface and each of the two 
singular fibers of the vertical fibration can be perturbed into 2m + 6 Lefschetz type singular 
fibers [fT3l . As shown in [fT9l , W(m) admits a genus g Lefschetz fibration over S 2 with 
2g + 10 singular fibers such that the monodromy of this fibration is given by the relation 

(b b 1 b 2 ...b g a 2 b 2 ) 2 = 1 

where bi denotes a right-handed Dehn twists along (3i, for i = 0, 1, . . . , g and a and b denote 
right-handed Dehn twists along a and j3 respectively (see Figure |6]). Also, a generic fiber 
of the horizontal fibration is the double cover of S 2 branched over two points. This gives a 
sphere fibration on W(m) = S m x § 2 #8CP 2 . 

In what follows, we will use the ideas in [33J coupled with the knot surgery trick along 
an essential torus as in Section|4]to obtain, for each n > 1, an infinite family of exotic Stein 
fillings whose fundamental group is Z © Z n . 

For g = 2m + 1 > 3, let W n (m) denote the total space of the Lefschetz fibration over S 2 
obtained by a twisted fiber sum of two copies of the Lefschetz fibration W(m) — > S 2 along 
the regular genus g fiber (cf. 11321 [T9l ). Notice that twisted fiber sum refers to the fiber 
sum where a regular neighborhood of a fixed regular fiber of W(m) — > S 2 is identified 
with a regular neighborhood of a fixed regular fiber of another copy of W(m) — > S 2 by 
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a diffeomorphism of the fiber. There is a diffeomorphism in our case which involves an 
n-fold power of a right-handed Dehn twist along a homologically nontrivial curve on the 
fiber such that ni{W n (m)) = Z © Z n . Since in W(m) the generic fiber of the vertical 
fibration intersects the generic fiber of the sphere fibration in two points, after the fiber sum 
we have an embedded homologically essential torus T of self-intersection zero in W n (m). 
Notice that a regular fiber of the genus g fibration on W n (m) intersects T at two points. It 
was shown in [|20ll that the Lefschetz fibration on W(m) admits at least two disjoint (— 1)- 
sphere sections, which implies that the Lefschetz fibration on W n (m) admits at least two 
disjoint (— 2)-sphere sections. The torus T above can be chosen to be disjoint from these 
(—2) -sphere sections. 

Let W n (rri)K denote the result of the knot surgery along the torus T by a knot K in S 3 . 
We observe that by Seifert-Van Kampen's theorem, ^i(W n (m) K ) = Z © Z n , since all the 
loops on T are nullhomotopic in W n (m) and W n (m) K . Moreover, if K is a fibered knot 
of genus k , then W n (m)K admits a genus g + 2k Lefschetz fibration with two disjoint 
(— 2)-sphere sections. Recall that, for any k > 2, we denoted by T}. = {K k i : i G N} 
an infinite family of genus k fibered knots with pairwise distinct Alexander polynomials 
in Section SI Note that for fixed integers m > 1 and n > 2, the smooth 4-manifolds in 
the infinite family {W n (m)K k t '■ Kk,i €= Fk\ all have the same homotopy type. Moreover, 
we prove in Proposition |9] below that all the 4-manifolds W n (m)K ki belong to the same 
homeomorphism type. 

Finally, as elaborated in Section 0] by removing a tubular neighborhood of a regular 
fiber and (— 2)-sphere section, we obtain an infinite family of exotic Stein fillings with 
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7Ti = Z © Z n whose contact boundary is the Seifert fibered singularity link Y g+2 k,(2) with 
its canonical contact structure £ g +2k,(2)- 

In the following we show that the Stein fillings above are all homeomorphic. Our proof 
will use the facts that W n (m) Kk . all have the same homeomorphism type, and and the 
knot surgery mostly affects the complement of the removed neighborhoods of the regular 
fiber and (— 2)-sphere section. To make this precise, first note that in W n (m) a tubular 
neighborhood of (— 2)-sphere section is disjoint from the cusp neighborhood of the torus T 
given above. Furthermore, the cusp neighborhood intersects with a tubular neighborhood 
of a regular fiber along two disjoint copies of D 2 x D 2 . Since our homeomorphism is 
identity on the complement of the cusp neighborhood, we can delete these configurations, 
except the two copies of D 2 x D 2 , without affecting our homeomorphism. Performing knot 
surgery on T turns these two disk bundles into D 2 x 1), where S(fc, 1) denotes genus 
k surface with one puncture. Since any diffeomorphism of d(D 2 x £(fc, 1)) extends, we 
can delete these two D 2 x H(k, 1) as well without affecting our homeomorphism. 

□ 

Proposition 9. For any knot K in S 3 , the 4-manifolds W n {m)K and W n {m) are homeo- 
morphic. 

Proof. The branched-cover description of the 4-manifold W(m) = S m x §> 2 #8CP 2 shows 
that W n (m) also admits an elliptic fibration structure. Moreover, W n (m) contains a Gompf 
nucleus C 2 of E(2)\ Use a cusp fiber of the above mentioned elliptic fibration, and a (— 2)- 
sphere section resulting by sewing together (— l)-sphere sections of a sphere fibration on 
W(m) = £ m x § 2 #8CP 2 . Moreover, we can assume that the torus that we used to perform 
a knot surgery in Section |5]lies in this cusp neighborhood. We first decompose W n (m) into 
C 2 Us V(n, m), where E denotes the homology 3-sphere S(2, 3, 11) and V(n, m) denotes 
the complement of C 2 . Under the above assumption, we have a corresponding decomposi- 
tion of W n (m) K into (C 2 )k^ V(n, m), where (C 2 )k is an exotic copy of C 2 (cf. lfT5l ). Let 
K be any knot in S 3 , and let / denote the identity map V(n, m) — > V(n, m). Since (C 2 )^ 
and C 2 are homeomorphic [[131 . there is an isometry A : -£f 2 ((C 2 )x; Z) — >■ H 2 (C 2 ; Z). Now, 
using Corollary [181 we conclude that there exist a homeomorphism F : (C 2 )k — > C 2 which 
geometrically realizes (/, A). Thus, we have constructed a homeomorphism between the 
4-manifolds W n {m) K and W n (m). 

□ 

Remark 10. We would like to point out that Proposition^above also holds when W{m) = 
S m x § 2 #8CP 2 is replaced by W{m, I) = S ro x § 2 #4/CF 2 . For a general I, the proof 
will be exactly same. Note that for a general I, our construction yields an infinite family of 
symplectic and (also non-symplectic) exotic four-manifolds with t\\ = 7L@ Z n , c 2 = 0, and 

Xh = l 
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Recall that, with respect to our notation in Section HI Y h ^ 2 ) denotes the plumbing of 
Y> h x D 2 with an oriented circle bundle over S 2 whose Euler number is 2. It follows that 
Y h f 2 ) is a Seifert fibered 3-manifold over a genus h surface with a unique singular fiber of 
multiplicity 2. 

Corollary 11. For each h > 5, the Seifert fibered singularity link Y h ^ 2 ) with its canonical 
contact structure 61,(2) admits (i) an infinite family of exotic simply connected Stein fillings 
and ( ii ) for each positive integer n, an infinite family of exotic Stein fillings with 7Ti = Z©Z n 
(Hi) for each positive integer n, a Stein filling whose first homology group is ll 1 ^ 2 © Z„. In 
particular, none of the Stein fillings in (ii) and (Hi) are homeomorphic to a Milnor fiber of 
the singularity. 

Proof. For any h > 5, an infinite family of simply connected, homeomorphic but pairwise 
non-diffeomorphic Stein fillings of the singularity link (1^,(2), 61,(2)) is given in Theorem|6] 
Similarly, according to Theorem |8] for any h > 5, and n > 1, (^,(2)) 61,(2)) admits an 
infinite family of homeomorphic but pairwise non-diffeomorphic Stein fillings with funda- 
mental group Z © Z n . The third family of Stein fillings is given in 11321 . In addition, since 
any Milnor fiber of a normal surface singularity has vanishing first Betti number [fTTl , none 
of the Stein fillings in (ii) and (iii) are homeomorphic to a Milnor fiber. 

□ 

Remark 12. It turns out that (1^ (2), 61,(2)) admits infinitely many distinct minimal sym- 
plectic (but possibly non Stein) fillings as well ll30l Remark 4.1]. 

Remark 13. The techniques developed in this paper can be used to realize many other 
groups as fundamental groups of exotic Stein fillings of some Seifert fibered singularity 
links. We intend to study them in future work. 

6. On a conjecture of Gay and Stipsicz 

Suppose that C = C\ U • • • U C m is a collection of symplectic surfaces in a symplec- 
tic 4-manifold (X, u) intersecting each other u -orthogonally according to the connected, 
negative definite plumbing graph Y. In [[141 . it was shown that in every open neighborhood 
of X containing C, there is an w-convex neighborhood U c C (X, oj) of C. Consider a 
normal complex surface singularity (Sp, 0) whose resolution graph is T. On the link of this 
singularity (which is orientation preserving diffeomorphic to dUc) there are two contact 
structures: (i) 6? which is induced by the symplectic structure u and (ii) the canonical con- 
tact structure 6<m of the singularity. Gay and Stipsicz conjecture [14] that t^c is isomorphic 
to 6an and prove it under the condition that 

-s v > 2(d v + g v ) 
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holds for every vertex v of T. Here s v , d v and g v denote the Euler number, the valency and 
the genus of the vertex v, respectively. Note that the singularity link Y hTi with its negative 
definite plumbing graph with r + 1 vertices described in Section @] violates this inequality 
in some vertices. Nevertheless we have 

Corollary 14. The conjecture of Gay and Stipsicz is true for any Seifert fibered singularity 
link whose dual resolution graph has no bad vertices. 

Proof. A bad vertex in a plumbing graph is a vertex for which s v + d v > 0. Suppose 
that T is the dual resolution graph without any bad vertices representing a Seifert fibered 
singularity link Y. The contact structure £c is supported by an explicit open book (cf. Ifl"4l0 
on Y which is transverse to the fibers in each circle bundle corresponding to a vertex of T. 
It turns out that this open book is isomorphic to the open book constructed in [|3T1 which 
is transverse to the Seifert fibration on Y. It follows that £ c nas to De isomorphic to the 
Milnor fillable contact structure £ can by Proposition \T\ since this latter open book supports 
the unique S 1 -invariant transverse contact structure on Y. 

□ 

Remark 15. The corollary above can be used in the symplectic cut and paste operation 
described in [fT4l Theorem 1.1], where any of the exotic Stein fillings we constructed can 
be used instead of the Milnor fiber in their statement. 

7. Appendix 

In this appendix, we briefly recall S. Boyer's result [7] on the homeomorphism types of 
simply connected 4-manifolds with a given boundary which is a key ingredient in our proof 
of Proposition |9j 

Let V\ and V 2 be two simply connected, compact, oriented 4-manifolds with the same 
connected boundary dVi = 0V 2 . Let / : 3V\ — >■ dV 2 denote an orientation preserving 
homeomorphism. There are two obstructions for extending the given homeomorphism / to 
a homemorphism F : V\ — > V 2 . First one should find an isometry A : (H 2 (Vi; Z), Q Vl ) — > 
(H 2 (V 2 ; Z), Qv 2 ) which makes the following diagram commute. 

(1) 

» H 2 (dVt) — H 2 {V X ) — ^ H 2 (V ll dV 1 ) — ^— * #i(<9Vi) 



/. A A* /. 

* H 2 (8V 2 ) — ^— H 2 {V 2 ) H 2 (V 2l 8V 2 ) H x {dV 2 ) o 
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Recall from that an isomorphism A : (H 2 (Vi, Z), Qyf) - ► (H 2 (V 2 ; Z), Qy 2 ) is called 
an isometry provided that A preserves the intersection form Q v . . In the diagram above A* 
denotes the adjoint of A arising from Lefschetz duality with respect to the identification of 
H 2 (Vi,dVi) with H om(H 2 (Vi); Z) (i = 1,2). Any pair (/, A) satisfying the above property 
is called a morphism and symbolically denoted as (/, A) : V\ — > V 2 . 

Secondly, one should find a homeomorphism F : V\ — \ V 2 which realizes the pair 
(/, A) geometrically, i.e. (/, A) = {F\q Vi , F*). Let us recall the following theorem of 
Boyer which characterizes when a given morphism (/, A) can be realized geometrically. 
For more details we refer the reader to [0. 

Theorem 16. Let (f, A) : V\ — > V 2 be a morphism between two simply connected smooth 
A-manifolds V\ and V 2 with boundary dV\ = dV 2 . Then there exist an obstruction 9(f, A) e 
I 1 (5Vi) such that the pair (/, A) z'^ realized geometrically if and only if9(f, A) = 0. 

The next result lists more information about the obstruction 9(f, A) = 0. 

Theorem 17. Let (/, A) : V% — > V 2 be a given morphism. Then 

(i) ifH^dVv, Q) = 0, then 9(f, A) = 0, 

(ii) If the intersection form L is odd and y G I l (dVi) is arbitrary, then there is another 
morphism 9(f, A') : V\ — > V 2 for which 9(f, A') = y. In particular, there is a A' 
with 0(f, A') = 0. 

(iii) If the intersection form LofVi is even, then 9(f, A) depends only upon f. Indeed 
9(f, A) = if and only if the manifold V — V\ U/ (— V 2 ) is spin. 

Corollary 18. For any morphism (/, A) : V\ — > V 2 between two simply connected smooth 
A-manifolds V\ and V 2 there exist a homeomorphism F : V\ — > V 2 such that it geometrically 
realizes (f, A) provided that dV\ is a rational homology 3-sphere or the intersection pairing 
on Vi is odd. 
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